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Square Wave Voltammetry at the Mercury Film Electrode:
Theoretical Treatment
S. P. Kounaves, J. J. O'Dea, P. Chandresekhar,' and Janet Osteryoung*
Department of Chemistry, State University of New York at Buffalo, Buffalo, New York 14214

The theoretlcal response for the appllcatlon of square wave
voltammetry to a reversible system at the mercury fllm
electrode Is derlved. Numerlcal calculatlons using the step
method yield voltammograms from whkh peak heights, shlfts,
and widths for various values of the thlckness parameter are
obtained. This method produces results that agree wlth those
of flnlte difference simulations but Is much faster. The differential current vdtammogram are symmetrical, shm toward
more negative potentials wlth decreasing film thlckness parameter (an€,,/d log A = 59.2 mV), and dlsplay a maximum
when the dlffuslon length of the reduced metal In the film
equals the fllm thickness. For customary square-wave parameters of n€,, = 50 mV and nA€, = 10 mV the normallred peak height In the thin-film region (AGp = 1.500) Is
larger than that obtained in the thkk-flh ihnlt (A$, = 1.312).
Square wave direct voltammetry at mercury film electrodes
affords rapid analysis times, dlscriminatlon against charglng
current, enhanced sensltlvlty, and clear definition of peaks.

The mercury film electrode (MFE) has gained widespread
use as a working electrode in anodic stripping voltammetry
(ASV), although more difficult to use than a hanging mercury
drop electrode (HMDE), because of its advantages in sensitivity and resolution (1). In conjunction with various pulsed
waveforms and ASV, it has been used successfully and routinely for trace-metal determinations in a variety of natural
samples (2). In spite of this it is rarely used directly as a
voltammetric electrode.
In cases where the reduced species simply acts as a current
carrier, the MFE should behave as any other metal electrode.
However, a more interesting case arises when the reduced
species is soluble in mercury, i.e.

Mnf + ne- = M(Hg)

(1)
The theory of linear-scan voltammetry for this case has been
described by de Vries and van Dalen ( 3 , 4 ) .Subsequently both
solution-soluble reactions and reaction 1 were investigated
Present address: Physical Sciences Center, Honeywell, Inc.,
Bloomington, MN 55420-5601.

experimentally by Perone and Davenport (5). Extensive work,
both experimental and theoretical, has been done for cyclic
voltammetry for reaction 1 a t the MFE by Kublick and coworkers (6, 7). However, these electrodes do not appear to
be used routinely for voltammetry, probably because of irreproducibility. It seemed to us that square wave voltammetry
in this application would give advantages of increased sensitivity and discrimination against background currents which
could make this a practical electrode for routine work. Also,
a t high effective scan rates the total amount of material
converted can be small, thus helping to minimize damage to
the film. These points have been demonstrated experimentally (8).
If direct voltammetry for reaction 1 could be established
as a routine analytical technique, the same experimental
system could be used for direct and for anodic stripping
voltammetry, thus increasing the practical utility of both.
Also, it would permit voltammetric work at mercury electrodes
in settings where use of elemental mercury is either discouraged or forbidden. We present here a theoretical treatment of square wave voltammetry a t the mercury film electrode. Subsequent papers will deal with square wave anodic
stripping voltammetry and with experimental applications of
these techniques.

THEORY
The mathematical treatment of restricted diffusion in thin
films is well-developed ( 3 , 4 ) ,and the numerical solution of
the diffusion equations for the square-wave waveform have
been described (9). Along with the integral equations already
derived by O'Dea (10) for SWV with unrestricted diffusion
and by Christie and Osteryoung (11) for staircase ASV these
developments form the basis for the following theoretical
treatment.
Figure 1 illustrates the square-wave waveform applied in
the direct voltammetry experiment. The characteristic parameters for the waveform are AE8,the step height, E,,, the
square wave half-peak amplitude, and 7,the square-wave
period. Each step is further divided into subintervals of length
d to facilitate the calculations described below.
The model used for the mathematical description is shown
in Figure 2. We consider a solution of infinite thickness, y ,
containing oxidized species, 0, at initial bulk concentration
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H3(a) = 1 + 2 C exp(-m2/a2)

I

m=l
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I

for a
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+2Ce~p(-rn~~~a~)]

H3(a) = a&[l

m=l

for a

I+-'-?
Figure 1. Square waveform showing the step height, A€,, square
wave amplitude, E,,, square wave period, 7, and integration subintervals, d .

>I/P'/~

(13b)

The function H3is an eta function, selected because of its rapid
convergence (11) with only three summation terms. Thus,
the resulting integral equation for the surface concentration
of the reduced form in the mercury is

Lt

CR(0, t ) = ( ~ / ~ F A ( P D ~ ) ' /[i(u)H,(a)/(t
~)
- u)'/']~u
(14)
where a = [&(t - ~ ) ] ' / ~ / 1Combining
.
eq 10,11, and 14 results
in the final integral equation for the current,

eLt[i(u)H3(a)/(t- u ) ' / ~ ] ~tu
Jt[i(u)/(t - u ) ~ / du
~ ] = ~ F A ( P D O ) W(15)
~*

x=ll

For purposes of numerical computation and to facilitate
comparison with the unrestricted diffusion case we define the
dimensionless quantities

x-0
y=o

Figure 2. Model used for theoretical treatment and numerical calcu-

lations.

CO*,and a thin layer of mercury of thickness 1 into which a
reduced species, R, diffuses until restrcted by the substrate
a t x = 1.
We wish to solve the diffusion equations

Doa2cob, t)/ey2 = aco(y,t)/at

(2)

DRd2CR(x,t ) / d x 2 = ~CR(X,
t)/dt

(3)

with the following initial and boundary conditions:

Cob, 0) =

co*; y I 0

CR(X, 0 ) = 0;

!l

2 x 20

(4)
(5)

Co(m, t) = Co*; t L 0

(6)

CR(X, t ) = 0; t I 0, x < 0

(7)

D R ( ~ C R / ~ X )=~0;
=I t 2 0

(8)

-DR(~CR/~Z),=O
= Do(dCo/dy),=o = i/nFA;

i( t )(P T ) ' / ~ /nFADo112Co*

(16)

z = t/'

(17)

E = U/'

(18)

to give a dimensionless integral equation for the current
function $ ( t ) :

where y = z - 6 and A = l/(DRr)'/' (the dimensionless
thickness parameter). Equation 19 can be converted to numerical form, using the step method of Nicholson and Olmstead (13), to give
rn

e,,,

where j = m - i

i=l

m

birj + C bisj = a
i=l

+ 1, r is a convolution integral

t > 0 (9)

and the Nernstian equilibrium throughout the experiment

DoliaCo(O,t)= 6DR'"CR(O,t)

#( t ) =

(10)

where t = exp[nf(E is the reversible half-wave
potential, and f = F/RT = 38.92 V-' a t 25 "C.
The integral equation for the surface concentration of the
oxidized form in solution is given by

Co(0,t) = CO* - ( l / n F A ( P D o ) l / Z ) ~ t [ i ( u-) /u()t' / ~d]u
(11)
The corresponding equation arising from the restricted
diffusion of R in the film is obtained with the aid of the
hyperbolic inverse Laplace transform (12)

(which is evaluated by a 10-point Gaussian integration), and
s is the sum s, = 2 d 1 ~ z l j ' ~0z'- 1)1/2]. The quantity d is the
subinterval of integration and is equal to 1/2K, where K is
the number of intervals in each potential half-step. Thus the
period T is divided into 2K intervals of length d so that no
discontinuities of potential are included in the integrations
(Figure 1).
The b,th term can be separated out of eq 20 to yield
m-1

bm = [l/(emrl + si)][* - C b,(cmr, + s,)l
i=l

(21)

Equation 21 was translated into an appropriate FORTRAN
IV program for calculation of the current function $. The
accuracy depends on the number of subintervals, K , used for
the calculation. No significant changes in peak parameters
L-l[(l/sl/z) coth ( ~ ( S / D ~ ) ' =
/~>]
(1/ ( P ~ ) " ~ ) H ~ ( ( ~ D R(12)
) ' ~ ~ / I ) were seen for values of K 1 14, and thus all calculations were
made with K = 15. The calculated response is represented
as $ vs. n(E - E1,J for various values of A.
where the kernel function, H,, is given by
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Flgwe 3. Calculated current function voltammograms for forward and
current for A equal to (a) 100, (b) 1.0,
reverse (both -) and net (-)
and (c) 0.01; where A = //(DR7)’’*,n A€, = 10 mV, and nEsw= 50
mV.

Peak heights and positions were determined from the vertex
of the parabolic fit to the three largest dimensionless currents
of the voltammogram. Peak widths were defined by tangents
to the voltammogram at half-height. The differential current
function, A+, corresponds to the difference between forward
and reverse currents and A+p to the peak current.

RESULTS AND DISCUSSION
Figure 3 shows the general appearance of the calculated
dimensionless current-potential voltammograms for three
different values of A, using the parameters nAE, = 10 mV and
nEsw = 50 mV. The net current voltammogram retains its
symmetrical shape although the individual forward and reverse
currents change shape noticeably with decreasing A. The
effect of changing A on the peak height (A+p), peak position
n(Ep- E,/2),and peak width (nWIl2) is better shown in Figure
4. Three different regions of behavior are observed. For
values of A 1 5 the peak parameters do not vary and are
identical to those for reversible SWV with unrestricted planar

-1.0

0
log lh

1.o

2.0

Figure 4. Dependence of the (a)current-function peak, A%; (b) peak
potential in reference to E,,,, n ( E , - €,,z); and (c) peak width at
half-height, nW,,,, on log A (nAE, = 10 mV, and nEsw= 50 mV).

diffusion (Le., AqP = 1.312, n Wliz = 124 mV, and n(Ep- El/z)
= 0 mV) (9). This is as expected, since eq 19 becomes identical
to that for the unrestricted diffusion case (as 1 a, H3(a)
1). As one progresses to thinner films the peak shifts only
slightly (4mV) toward more negative potentials but dramatically increases in height until a maximum value of A+p
is reached a t A = 1. This maximum is caused by an abrupt
decrease in qr for A 1, which causes A+ to decrease even
though +f increases. That is, as the diffusion length in solution
a t the time of current measurement becomes larger than the
film thickness, the flux of 0 at the electrode surface decreases
sharply with decreasing A. A similar phenomenon has been
seen with staircase stripping voltammetry ( I I ) .
For values of A < ca. 0.1, AqP (for nAE, = 10 mV and nE,
= 50 mV) attains a constant value of 1.500 (Figure 4a). This
is the limiting case of thin-film behavior, for which no concentration gradients exist in the film on the time scale of the
potential-step perturbation, s / 2 . The bulk film concentration
CR*is then determined by the ratio of surface concentrations.
This behavior has important analytical consequences, since
it predicts that the experimental current for A << 1 will be

-

-
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Table 1. Effect of Square-Wave Amplitude, nE,,, on
Voltammogram Characteristics"

nE*w,

n(Ep-

mV

mV

nW,,z

A+P

1
5
10
20
50
80
100

-139
-137
-138
-140
-153
-176
-195

87
86
86
88
126
180
219

0.136
0.391
0.538
0.917
1.500
1.626
1.648

anAE, = 10 mV, A = 0.01.
independent of film thickness. This is an exceptionally important attribute which makes routine analysis practical for
this system.
The peak shifts to more negative potentials with decreasing
values of -1,and in the thin film region for A < 0.3, anE,/
d log A = 59.2 mV (25 "C). The peak width is not affected
by changes in 11,remaining relatively constant (nWIiz= 126
f 2 mV) except around A = 1 (130 mV).
By use of the definition of eq 16, letting f = 1 / r and A$,
= 1.500, we can obtain the following expression for the experimental current at a MFE for A < 0.1:

Ai, = (8.165 X 104)nADo1/2Co*f1/2

(22)

In addition we also have

n ( E - Eljz)= -34.1

+ 59.2 log A mV

(23)

and
nWlj2 = 126.3 mV

(24)

The response is not strongly affected by changes in step
height. For example, with A = 0.01 (thin film limit) and nEsw
= 50 mV, increasing nAE, from 10 to 40 mV changes the peak
position from -153/n to -148/n mV with respect to E , j z ,the
peak width from 126/n to 127/n mV, and the peak current
(AI),) from 1.500 to 1.437. Thus, as for unrestricted diffusion,
the magnitude of n u , has a small effect on the response.
Table I summarizes the effects of varying the square-wave
amplitude on the peak parameters in the thin-film region ( A
= 0.01). With increasing values of nESw,the peak occurs a t
more negative potentials, as is to be expected, and the peak
height increases markedly. This behavior is qualitatively the
same as that for unrestricted diffusion. For nE,, I 5 mV the
individual forward and reverse currents have the same sign,
so the net current is diminished. For larger values of nE,,,
the reverse current has the opposite sign (negative for reductions), so the net current is larger than either of the individual currents. For the case of unrestricted diffusion the
crossover point occurs a t ca. nEsw= 15 mV.
From the experimental point of view, it is best to work in
the region where A$, is constant (A < 0.10). Under these
conditions, film thickness and frequencies routinely attainable

yield sensitivities greater than those for the case of unrestricted
diffusion.
One would expect that concentrating the product in the film
would provide better sensitivity than achievable with unrestricted diffusion. If we examine the ratio of peak currents
A$~a<o.l~/A$~a,lo~
(Figure 4a), we find this ratio is = 1.15, or
concentration in the film produces about a 15% increase in
the current. If we could select experimental parameters so
that A = 1.0, we would obtain a 50% increase in current.
However, reproducibility would be very difficult to achieve
since small changes in T or 1 would have pronounced effects
on current.
This improvement in signal with concentration in the film
contrasts with the qualitative observation that differential
pulse ASV (in which the metal ion is replated into the film
during the scan) shows about the same sensitivity as linear
scan stripping (in which the replating effect does not occur).
This point will be discussed more fully in a subsequent paper.
In summary then, direct square wave voltammetry of metals
soluble in mercury a t the MFE should yield symmetrical
differential current voltammograms which shift toward more
negative potential with decreasing film thickness parameter,
A, and which display increased peak height in the thin-film
region with respect to that obtained in the thick-film limit.
The range of A within which enhanced sensitivity can be
obtained is easily accessible experimentally. Within that range
(A < 0.1) the dimesionless current is independent of A. Thus,
SWV in the thin-film region employing thin films and high
frequencies should give excellent analytical performance.
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